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1. Introduction 



The principal objective of our series of articles ||T3| , |T5|, |I6|, and beyond, for which 
we provide a brief survey here, is to prove the analogue of the Kotschick-Morgan con- 
jecture for PU(2) monopoles suggested by Pidstrigach and Tyurin [^. This in turn 
should lead to a proof of Witten's conjecture concerning the relation between Donald- 
son and Seiberg-Witten invariants and a deeper understanding of the highly successful 
role of gauge theory in smooth four-manifold topology. We describe Witten's conjec- 
ture below and outline the program (see 



511 , pSj |57[|), to prove this 



^, m m m 

conjecture using PU(2) monopoles. While the basic ideas in this program are by now 
well-known, the profound analytical difficulties inherent in attempts to implement it 
are perhaps much less well-known and so we feel it is worthwhile to describe some of 
these analytical problems here. These analytical difficulties involve the gluing con- 
struction of links of lower-level moduli spaces of U(l) monopoles contained in the 
Uhlenbeck compactification of the moduli space of PU(2) monopoles. The question 
of existence of perturbations for the PU(2) monopole equations, yielding both useful 
transversality results and an Uhlenbeck compactification for the perturbed moduli 
space, is a fairly substantial one in its own right []13|. We describe these transversal- 
ity and compactness results here, along with some of our calculations of Donaldson 
invariants in terms of Seiberg-Witten invariants from |T5[ and a brief overview of 
issues concerning the gluing theory from |TB|, and its applications. 



First, to explain Witten's conjecture we recall that a closed, smooth four-manifold 
X is said to have Seiberg-Witten simple type if the Seiberg-Witten moduli spaces 
corresponding to non-zero Seiberg-Witten invariants are all zero-dimensional. The 
manifold X has Kronheimer-Mrowka simple type provided the Donaldson invariants 
corresponding to products z of homology classes in if,(X;Z) and a generator x G 



AD^iz). Kronheimer and Mrowka [p6l (see also 



Hq{X; Z) are related by 
||T9| ) showed that the Donaldson series of a four- manifold of Kronheimer-Mrowka 
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simple type with b^{X) = and odd b^{X) > 3 is given by 
(1.1) P"' = e«/2 ^(-l)('"'+"'^'-)/2a^e^% 

r=l 

where w; is a hne bundle over X, Q is the intersection form on H2{X; Z), the coef- 
ficients Qr are non-zero rational numbers, and the G H^{X; Z) are the Kronheimer- 
Mrowka basic classes. Let Spin'^(X) be the set of isomorphism classes of spin^ structures 
on X and let e{X) and o"(X) denote the Euler characteristic and signature of X, re- 
spectively. 

Conjecture 1.1 (Witten). Suppose X is a closed, oriented four-manifold with 
b^{X) = and odd b'^{X) > 3, equipped with a homology orientation and a line 
bundle w. Then X has Kronheimer-Mrowka simple type if and only if it has Seiberg- 
Witten simple type. If X has simple type, then the Kronheimer-Mrowka basic classes 
are given by 

{ci{W+) : s e Spin^(X) such that SW{s) ^ 0}, 

where ci(s) := ci(W^) and are the spin"^ bundles associated to 5 with some choice 
of Riemannian metric on X; furthermore, the Donaldson series for X is given by 

The conjecture holds for all four-manifolds whose Donaldson and Seiberg- Witten 
invariants have been independently computed. The quantum field theory argument 
giving the above relation when &^(X) > 3 has recently been extended by Moore and 
Witten to allow b'^{X) > 1, b^{X) > 0, and four-manifolds X of possibly non- 



simple type. The mathematical approach to this conjecture uses a moduli space of 
solutions to the PU(2) monopole equations — which generalize the U(l) monopole 
equations of Seiberg and Witten — to construct a cobordism between links of the 
compact moduli spaces of U(l) monopoles of Seiberg- Witten type and the Donaldson 
moduli space of anti-self-dual connections, which appear as singularities in this larger 
moduli space. Moreover, this approach should give a precise relation between the 
Donaldson and Seiberg- Witten invariants even for four-manifolds not of simple type. 
This is an important point since there are no known examples of four-manifolds with 
6+ > 1 violating either of the simple type conditions, so we would expect to gain a 
greater understanding of these conditions from such a general relation. 

The moduli space of PU(2) monopoles is non-compact and has an Uhlenbeck com- 
pactification similar to that of the moduli space of anti-self-dual connections. The 
substantial analytical difficulties are due to the contributions of moduli spaces of 
U(l) monopoles (cobordant to standard Seiberg- Witten moduli spaces) in the lower 
Uhlenbeck levels — the 'reducibles' at the boundary of the Uhlenbeck compactifica- 
tion. Many of these problems had never been resolved even in the case of Donaldson 
theory where they arise, albeit in a rather simpler form, in attempts to prove the 
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Kotschick-Morgan conjecture for Donaldson invariants. The Kotschick-Morgan con- 
jecture for Donaldson invariants of four-manifolds X with h'^{X) = 1 asserts that the 
invariants computed using metrics lying in different chambers of the positive cone 
of if^(X;R)/]R* differ by terms depending only the homotopy type of X [Q. The 



heart of the problem there lies in describing the links of the reducible connections in 
the lower Uhlenbeck levels via gluing and then computing integrals of the Donaldson 
cohomology classes over those links. To date, links of this type in anti-self-dual mod- 
uli spaces have been described and their pairings with cohomology classes computed 
in only a few relatively simple special cases ^, |TT], the methods used 

there fall far short of what is needed to complete the PU(2) monopole program to 
prove the equivalence between Donaldson and Seiberg-Witten invariants. By assum- 
ing the Kotschick-Morgan conjecture, Gottsche has computed the coefficients of the 



wall-crossing formula in |^ in terms of modular forms by exploiting the presumed 



homotopy invariance of the coefficients [^. A related approach to the Witten con 



jecture has been taken so far by Pidstrigach and Tyurin |57]: they assume a PU(2) 
monopole analogue of the Kotschick-Morgan conjecture and argue that it can be used 
to compute the required integrals of analogues of the Donaldson cohomology classes 
over the links of the lower-level moduli spaces of U(l) monopoles. For a survey of the 
work of Okonek and Teleman on non-abelian monopoles, with applications to alge- 
braic geometry and the conjectured relations between Donaldson and Seiberg-Witten 



invariants, we refer the reader to their article |£3[ and the references contained therein. 

In §0 we describe the PU(2) monopole equations, the holonomy perturbations we 
use in order to achieve transversality, and the Uhlenbeck compactification for the 
perturbed moduli space of PU(2) monopoles. In we describe the cohomology 
classes, the links of the moduli spaces of anti-self-dual connections and Seiberg-Witten 
monopoles appearing in the top Uhlenbeck level, their orientations, and the relation 
between the Donaldson and Seiberg-Witten invariants when the moduli spaces of 
U(l) monopoles appear only in the top Uhlenbeck level. Finally, in §^ we describe 
the Kotschick-Morgan conjecture, its analogue in the case of PU(2) monopoles and 
how this might be used to prove Witten's conjecture. We also describe the need 
for gluing, survey some of the results from |l^ and describe a few of the more 
prominent difficulties which arise when gluing PU(2) monopoles. Detailed proofs of 
all our results appear elsewhere |15], |16|, |T^, so we just sketch the main ideas here. 



Acknowledgements. The authors warmly thank Gordana Matic (without whose gentle 
encouragement and considerable patience this article might not have been written), 
the organizers of the 1996 Georgia Topology Conference, and the Mathematics De- 
partment of the University of Georgia, Athens, for their hospitality. We also thank 
Peter Ozsvath for many helpful comments. Finally, we thank the Mathematics De- 
partments at Harvard and Michigan State University and the National Science Foun- 
dation for their generous support during the preparation of this article. 



4 



PAUL M. N. FEEHAN AND THOMAS G. LENESS 



2. HOLONOMY PERTURBATIONS, TRANSVERSALITY, AND UHLENBECK 

COMPACTNESS 

We consider Hermitian two-plane bundles E over X whose determinant line bundles 
det E are isomorphic to a fixed Hermitian line bundle over X endowed with a fixed 
C°°, unitary connection. Choose a Riemannian metric on X and let Sq := (p, W) 
be a spin^ structure on X, where p : T*X — > End W is the Clifford map, and the 
Hermitian four-plane bundle W = W~^(BW~ is endowed with a C°° spin'^ connection. 
The spiff structure (p, W), the spirf connection on W , and the Hermitian line bundle 
together with its connection are fixed once and for all. 

Let > 2 be an integer and let be the space of connections A on the 
U(2) bundle E all inducing the fixed determinant connection on deiE. Equivalently, 
following [^, §2(i)], we may view Ae be the space of L\ connections A on the 
SO (3) = PU(2) bundle su{E). We shall often pass back and forth between these 
viewpoints, via the fixed connection on det i?, relying on the context to make the 
distinction clear. Let Da '■ L\{W'^ ® E) ^ Ll_^(W~ ® E) be the corresponding 
Dirac operators. Given a connection A on E with curvature Fa € Ll_^{A^ ® u{E)), 
then (-^4)0 G L^,_^(A+ Cg)su(-E)) denotes the traceless part of its self-dual component. 
Equivalently, if A is a connection onsui^E) with curvature Fa G L^_]^(A^®so(5u(-E'))), 
then ad~^(F;^) G L^_^(A+ ® su(£')) is its self-dual component, viewed as a section of 
A+ (g) su{E) via the isomorphism ad : su{E) so{su{E)). 

For an section $ of ® E, let $* be its pointwise Hermitian dual and let 
($ (g) $*)oo be the component of the Hermitian endomorphism $ $* of ® E 
which lies in 5u(iy"'") ® su{E). The spin*^ structure p defines an isomorphism p+ : 
A+ — > su(W^) and thus an isomorphism p^ = p^ <^ idsu(£;) of A+ ® su{E) with 
su{W+) ®su{E). Then 

(2.1) (F+)o-(p+)-^($®$*)oo = 0, 

Da'^ = 0, 



are essentially the unperturbed equations considered in |£^, |5^, ^ Q for a pair {A, $) 
consisting of a fixed-determinant connection A on E and a section $ of W~^^E. (The 
trace conditions and precise setting vary; the equations are closer to those of 
|65 , 66] than |57].) Equivalently, given a pair (A, $) with A a connection on 5u{E), 
the equations ( |2.1| ) take the same form except that {F^)q is replaced by ad~^(Fj) or 
simply by F^, with the isomorphism ad : su{E) so{su{E)) being implicit. 

In this section we briefiy describe the holonomy perturbations of these equations 
which we introduced in |[T^: these perturbations allow us to prove transversality for 
the moduli space of solutions, away from points where the connection is reducible or 
the spinor vanishes identically, and to prove the existence of an Uhlenbeck compact- 
ification for this perturbed moduli space. 
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Donaldson's proof of the connected sum theorem for his polynomial invariants 
||T0| , Theorem B] makes use of certain 'extended anti-self-dual equations' [jlO|, Equa- 
tion (4.24)] to which the Freed-Uhlenbeck generic metrics theorem does not apply 
||10| , §4(v)]. To obtain transversality for the zero locus of these extended equa- 
tions, he employs holonomy perturbations which give gauge-equivariant C°° maps 
A*E Ll_^{X+ (g)Su(E)) [g §2], [jTn|, pp. 282-287]. These perturbations are con- 
tinuous across the Uhlenbeck boundary and yield transversality not only for the top 
stratum, but also for all lower strata and for all intersections of the geometric repre- 
sentatives defining the Donaldson invariants. 

In we describe a generalization of Donaldson's idea which we use to prove 
transversality for the moduli space of solutions to a perturbed version of the PU(2) 
monopole equations (|2.1|) . Unfortunately, in the case of the moduli space of PU(2) 
monopoles, the analysis is considerably more intricate. In Donaldson's application, 
some important features ensure that the requisite analysis is relatively tractable: (i) 
reducible connections can be excluded from the compactification of the extended 



moduli spaces |]T0|, p. 283], (ii) the cohomology groups for the elliptic complex of 
his extended equations have simple weak semi- continuity properties with respect to 
Uhlenbeck limits ||10|, Proposition 4.33], and (iii) the perturbed zero-locus is cut out 
of a finite-dimensional manifold |jTO|, p. 281, Lemma 4.35, & Corollary 4.38]. For the 
development of Donaldson's method for PU(2) monopoles described here and in detail 
in [13|, none of these simplifying features hold and so the corresponding transversality 
argument is rather complicated. Indeed, one can see from Proposition 7.1.32 in |11| 
that because of the Dirac operator, the behavior of the cokernels of the linearization 
of the PU(2) monopole equations can be quite involved under Uhlenbeck limits. The 
method we describe below uses an infinite sequence of perturbing sections defined on 
the infinite-dimensional configuration space of pairs; when restricted to small enough 
open balls in the configuration space, away from reducibles, only finitely many of 
these perturbing sections are non-zero and they vanish along the reducibles. 

We shall describe these perturbations and their properties only in fairly general 
terms here, as the full description is lengthy; we refer the interested reader to ||T^ for 
a detailed account. 

Let Qe^Q the Hilbert Lie group of L\j^^ unitary gauge transformations of E with 
determinant one. It is generally convenient to take quotients by a slightly larger 
symmetry group than Qe when discussing pairs, so let S\ denote the center of U(2) 
and set 

°Qe '■= S\ X{±id^} Qe, 
which we may view as the group of L\j^^ unitary gauge transformations of E with 
constant determinant. The stabilizer of a unitary connection on E in °Qe always 
contains the center S\ C U(2). We call A irreducible if its stabilizer is exactly 
S\ and reducible otherwise. Let Be{X) = Ae{X)/Qe be the quotient space of L\ 
connections on E with fixed-determinant connection and let A*e{X) and B*^{X) be 
the subspace space of irreducible L\ connections and its quotient. As before, we may 
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equivalently view Be{X) and B%{X) as quotients of the spaces of Ll connections on 
su{E) by the induced action of Qe on su{E). 
We construct gauge-equivariant C°° maps 

(2.2) AEiX) 3A^r- xniA) e Ll^.iX, gl(A+) ®m so(5u(E))), 

Ae{X) 3A^^-m{A) e Ll^^{X,Rom{W+,W-)^c5liE)), 

where r = {jj^i^a) is a sequence in VL^{X,qI{IsA)) and 'd = {;dj,i,a) is a sequence in 
Vl^{X,C), while xn{A) = (mj-i,„(A)) is a sequence in L\_^-^{^X ^ sui^Ey) of holonomy 
sections constructed by extending the method of p, |10[, and 



To construct these maps, we fix a collection of Ni, small, disjoint balls in 
X, a locally finite open cover {Uj^a}'^=i of each quotient space B*^{2Bj) of irreducible 
connections over 2Bj, and three loops {7j.i,o}f=i C 2Bj such that holonomy around 
these loops spans s\i{E)\bj for each connection in {t/j>}. The sections viXj^i^a are 
supported on Bj in X and on L\ balls containing [/j q in B*^{2Bj), by a suitable 
choice of cutoff functions on X and B*^{2Bj). The set {mj^;^o(^)}f=i spans su(i?)|B^ 
for each point [A|2bJ ^ f^i,a with energy 11-^^11^2(4^.) < where Eq is a certain 
universal constant |]TB[ . When this (regularized) energy bound is exceeded over a ball 
4i?jv, the associated perturbations vanish, ensuring continuity across the Uhlenbeck 
boundary. The number of balls Bj may be chosen sufficiently large that for every 
solution (A, $) to the perturbed PU(2) monopole equations ( p^) , there is at least 
one ball Bji whose associated holonomy sections {mj/^;^o(^)}f=i span s\x{E)\b.,. We 
use the small-time heat kernel for the Neumann Laplacians d\dA on L'^{2Bj,su{E)) 
to ensure that the sections mj^i^a{A) are in Ll^^ when A\2Bj is in L^. 

By construction, the maps r • m and ■ m of ( |2.2| ) are uniformly C*-bounded over 
A*b{X), when ^^(X) is endowed with its Ll metric, provided k > 3 and which we 
shall therefore assume for the remainder of the article. Moreover, they are continuous 
with respect to Uhlenbeck limits, just as are those of []I0|. Suppose {Ap} is a sequence 
in AEiX) which converges to an Uhlenbeck limit (A, x) in AE_iiX) x Sym^(X), where 
E-i is a Hermitian two-plane bundle over X such that 



det{E^e) = det E and C2(^-£) = C2{E) - i, with £eZ 



>o- 



The sections r-xn^Ap) and i?-m(A/3) then converge in L^_^^(X) to a section r-m(y4, x) of 
0[(A+)(g)5o(5u(i?_£)) and a section ?9-m(y4, x) of Hom(IV+, M/~)(8)sl(i?_£), respectively. 
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For each £ > 0, the maps of ( |2.2| ) extend continuously to gauge-equivariant maps 

(2.3) Ae_XX) X Sym^(X) ^ L^^i(X, 0[(A+) ®m so(5u(E_,))), 
Ae_XX) X Sym^(X) ^ L^+i(X, Hom(l^+, l^^) ®c 5{{E_,)), 

given by (^,x) i— ^ r • m(yl, x) and (v4, x) i-^ d ■ m(yl,x), respectively, which are C°° 
on each stratum determined by Sym^(X). 

The parameters r and vary in the Banach spaces of ^5 (A) sequences in C"'(X, g[(A+)) 
and C"'(A^ (g) C), respectively, where A = {(j, Z, a)} and r > A; + 1, 

and similarly for ||7^||^i(C'-(x))- The sequence of weights 5 = {6a)'^=i € £°°((0, 1]) may 
be chosen so that the gauge-equivariant maps of ( |2.2| ) are smooth even at reducible 
connections, where the maps vanish |T^. 

We call an Ll pair (A,^) in the pre- configuration space, 

Cw,E ■=Ae X Ll{X, W+®E), 
a PU(2) monopole if it solves 

(2.4) (F+)o - (id + To ® id,„(s) + f • m(A))(p+)-^(<l> ® <l>*)oo = 0, 

+ p(^9o)$ + m(A)<l> = 0. 

For convenience, we often denote the perturbed Dirac operator Da + p{^o) + ^ " 
rn{A) simply by ^. We let Mw,e be the moduli space of solutions cut out of the 
configuration space, 

Cw,E '■= Cw,e/°Qe, 
by the equations (|2.4| ), where u G °Qe acts by u{A, $) := (m^kA, m$). 

We let C^^^ C Cvi/,£; be the subspace of pairs [A, $] such that A is irreducible and 
the section $ is not identically zero and set = Mw,e H C^^. Note that we 

have a canonical inclusion Be C Cw,e given by [A] 1— [A, 0] and similarly for the 
pre-configuration spaces. 

The sections f-m{A) and 't)-xn{A) vanish at reducible connections A by construction; 
plainly, the terms in (|2.4| ) involving the perturbations r ■ xn{A) and ■ va{A) are zero 
when $ is zero. The holonomy perturbations considered by Donaldson in flOf 



are 



inhomogeneous, as he uses the perturbations to kill the cokernels of d'\ directly. 
In contrast, the perturbations we consider in ( p.4| ) are homogeneous and we argue 
indirectly that the cokernels of the linearization vanish away from the reducibles and 
zero-section solutions. 

A careful application of the Agmon-Nirenberg unique continuation theorem |I|] to 
( p.4| ) ensures that a PU(2) monopole {A, $) which is irreducible on X gives at least 
one restriction A\2B-, which is irreducible and whose associated holonomy sections 
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span su{E)\b.,. The corresponding property for anti-self-dual connections is proved 



as Lemma 4.3.21 in |]rT|. The proof of Donaldson and Kronheimer relies on the 
Agmon-Nirenberg unique continuation theorem for an ordinary differential inequality 
on a Hilbert space 0, Theorem 2]. We show in that Donaldson and Kronheimer's 
argument adapts to the case of the PU(2) monopole equations or (|2.4|) , when the 
initial open set where {A, $) is reducible contains the closed balls B{xj, Rq) supporting 
holonomy perturbations. 

The perturbations {TQ,'dQ,f,-&) then ensure that an element in the cokernel of the 
linearization of the parametrized version of ( |2.4| ), at a point {A, $, tq, i^Q, r, •&) where 
A is irreducible and $ ^ 0, must vanish identically over at least one ball Bji and so 
must vanish identically over X by the Aronszajn-Cordes unique continuation theorem 
0. Hence, the Sard-Smale theorem yields: 



Theorem 2.1. |jT3[ Let X be a closed, oriented, smooth four-manifold with C°° Rie- 
mannian metric, spin'^ structure {p, W) with spin^ connection, and a Hermitian line 
bundle det E with unitary connection. Then there exists a first- category subset of 
the space of C°° perturbation parameters such that the following holds: For each 4- 
tuple {To,do,T,{}) in the complement of this first- category subset, the moduli space 
M^^{TQ,i!}o,f,i!}) is a smooth manifold of the expected dimension 

dimM;^% = -2p,{su{E)) - |(e(X) + a{X)) 

+ ipi(su(E)) + i(F2-a(X))-l, 

where pi{su{E)) = ci{Ef - 4c2{E) and F := Ci{W+) + Ci{E). 

Remark 2.2. Different approaches to the question of transversality for the equations 
with generic perturbation parameters have also been considered by the authors, 
by Pidstrigach and Tyurin in and by Teleman in ||66|: see for further details. 



We now turn to the question of compactness of Mw,Ei for the given generic param- 
eters (tq, -i^O) ^) "i^)- We say that a sequence of points [^4/3,$^] in Cw,e converges to a 
point [A, $,x] in Cw,e_i, x Sym^(X) if the following hold: 

• There is a sequence of determinant-one, LIj^^ bundle maps Uj^ : i?|x\{x} 
E-l\x\{l^} such that the sequence of monopoles u^(y4^,$^) converges to (A, $) 
in over X \ {x}, and 

• The sequence of measures I-Fa^P converges in the weak-* topology on measures 

to \Fa? + ^7,'Y..^J{x). 

We let Mw,E_t{'^) denote the moduli space of pairs (A, $) solving (p^ ) with perturb- 
ing sections r ■ rn(-,x) and 'd ■ rn(-,x), let 'M.w,e_i denote the moduli space of triples 
(A, $, x) solving (g^ for £ > 0, and let M.w,e-q = Mw,e- We define Mw,e to be the 
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Uhlenbeck closure of Mwe in the space of ideal PU(2) monopoles, 

N N 

IMw,E := [jMw,E., C (j {Cw,E., X Sym^(X)) 



for any integer N > Np where Np is a sufficiently large constant. Analogues of 
Bochner formulas used in the proof of compactness for the Seiberg-Witten equations 
|57| provide a universal energy bound for solutions to ( |2.4] ), guaranteeing that 



the constants Nf, and Np exist. By combining the methods used in the proof of 
compactness for the Seiberg-Witten moduli space p5l and Uhlenbeck compactness 



for the moduli space of anti-self-dual equations |]TT| we obtain: 



Theorem 2.3. [|I3[ Let X be a closed, oriented, smooth four-manifold with C°° Rie- 
mannian metric, spin^ structure [p, W) with spin^ connection, and a Hermitian two- 
plane bundle E with unitary connection on detE. Then there is a positive integer 
Np, depending at most on the curvatures of the fixed connections on W and det E 
together with C2{E), such that for all N > Np the topological space My/^E is compact, 
second-countable, Hausdorff, and is given by the closure of Mw,e in U^qM(4/^e_^ . 

Remark 2.4. The existence of an Uhlenbeck compactification for the moduli space 
of solutions to the unperturbed PU(2) monopole equations was announced by 
Pidstrigach and an argument was outlined in |^. A similar argument for the 



equations was outlined by Okonek and Teleman in Theorem |2.3| yields the 
standard Uhlenbeck compactification for the system (|2.1|) and for the perturbations 
of ( |2.1| ) described in . A proof of Uhlenbeck compactness for (and for certain 
perturbations of these equations) is also given in p6 |. 



We use the term (Uhlenbeck) level to describe the spaces Mvi/.e.^. for different 
values of £ > 0, with Mw,e comprising the top (Uhlenbeck) level. The space Sym^(X) 
is smoothly stratified, the strata being enumerated by partitions of i. If S C Sym^(X) 
is a smooth stratum, we define 

Mh/.s.Je := {[^,$,x] G M.w,E_, : X G S}. 

The proof of Theorem shows, more generally, that for each £ > the moduli 

spaces 

are smooth and of the expected dimension, and over the complement in S of a first- 
category subset, the projection Mi^°^_ |s S is a fiber bundle. See for the 
general statement. In the more familiar case of the Uhlenbeck closure of the moduli 
space of solutions to the unperturbed PU(2) monopole equations the spaces 

^w,E_i would be replaced by the products Mw,e^i x Sym^(X). In general, though, 
the spaces 'M.w,E_t are not products due to the slight dependence of the lower-level 
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analogues of the equations ( |2.4| ) on the points x G Sym^(X). A similar phenomenon 
is encountered in [1^, §4(iv)-(vi)] for the case of the extended anti-self-dual equations. 

While the description of the holonomy perturbations outlined above may appear 
fairly complicated at first glance in practice, they do not present any major difficulties 
beyond those that would be encountered if simpler perturbations not involving the 
bundle su{E) (such as the Riemannian metric on X or the connection on det W^) were 



sufficient to achieve transversality |T5|, |16|, . We note that related transversahty and 



compactness issues have been recently considered in approaches to defining Gromov- 
Witten invariants for general symplectic manifolds [^1], ^ |60[| . 



3. COHOMOLOGY AND COBORDISMS 

The moduli space Mw,e contains singularities: it is a smoothly stratified space, 
with strata diffeomorphic to the moduli space of anti-self-dual connections on su{E) 
and to moduli spaces of U(l) monopoles (which are in turn cobordant to moduli 
spaces of Seiberg-Witten monopoles). The space therefore gives a cobordism 

between the links of these two types of singularities. In this section, we introduce 
cohomology classes on and define the links of these singularities. 



3.1. Singularities. We see from Theorem |2.1| that the moduli space of PU(2) 



monopoles [A, $], where A is not reducible and $ ^ 0, forms a smooth manifold. We 
now describe the subspaces where A is reducible or $ = 0. 

Let Mlf^ C M\Y^E denote the subspace of points [A, $] where $ = 0; we refer to 
pairs representing points in MJf'^ as zero-section pairs. Equivalently, we may view 
M|?*^ C Be as the moduli space of fixed-determinant connections A on E solving the 
anti- self- dual equation, 

(3.1) (F+)o = 0, 

or simply = 0, if Be is viewed as the quotient space of connections A on su{E). 

Suppose we have a reduction of the U(2) bundle E given as an (ordered) direct 
sum of line bundles, 



E = Li®L 



2- 



Note that gauge transformations of E (in °Qe = >^{±idE} Ge) which interchange 
the line bundles Li and L2 only exist if Li = L2. We let C M^^e denote 

the subspace of points [A, $] with Stab^_$ = S\^, where = acts by constant 
multiplication on the line bundle L2. We refer to pairs representing points in M^*^ 
as reducible pairs: they have the form (Ai ©^2, $1), where Ai is a unitary connection 
on Li and A2 = Ag^A^ is the corresponding connection on L2 = (detE) ^L^, where 
Ae is the fixed connection on detE', while $1 is a section of W'^ ® Li. The pair 
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(Ai, $i) is a solution to the U(l) monopole equations, 
(3.2) F+ - |(id + ro) ($1 ® $1)0 - iF+ = 0, 

Da.^i = 0. 



The moduli space of solutions to (p.2|), which parametrizes M^r^ is smooth and of 



the expected dimension for generic tq away from the zero-section solutions (see ^ 
and is cobordant to the standard Seiberg-Witten moduli space M^j^^Lj associated to 
the spin'^ structure (p, W ® Li) (as defined, for example, in [^ ). 



Proposition 3.1. [|T^ Let X be a closed, oriented, smooth four-manifold with {X) > 
1 and generic Riemannian metric. Suppose the pair {A, $) on {E, W~^^E) represents 
a point [A, $] G Mw,e with non-trivial stabilizer Stabyi_$. Then one of the following, 
mutually exclusive situations holds: 

1. The pair [A, $) is a zero-section pair = 0) and the connection A is irreducible. 
The pair {A, 0) has stabilizer Stab^^o = S^, the connection A has stabilizer 
Stabyi = Sz, and A is projectively anti- self- dual (so {F^)o = 0). The quotient 
space of zero-section pairs is identified with the moduli space MJf^ of anti-self- 
dual connections on su{E). 

2. The pair {A, $) is reducible and $ ^ 0. The bundle E splits as E = Li (BL2, the 
pair {A, $) has stabilizer Stab^,* = 5*^2' ^'^'^ ^ ^^-^ stabilizer Stab^ = 5*^^ x 5*1^^. 
If M^'^nM^^j^^^^ = 0, then M^^^j^^^^ is smoothly cobordant to the Seiberg-Witten 
moduli space M^^]^_^ . 

3. The pair {A, $) is a reducible, zero-section pair. The connection A is projectively 
flat (so {Fa)o = 0) and^ = 0. The bundle E splits as E = Li(B{Li^N), where 
N is a torsion line bundle, so ci{N) G Tor H^{X; Z). The stabilizer of the pair 
is StabA,o = Stab^. 

If b'^{X) = or the Riemannian metric metric on X is non-generic, the pair {A, $) 
can have stabilizer Stabyi,$ = 5*1^^ x S}^^ , where $ = and A is a reducible projectively 
anti- self- dual, but not projectively fiat connection. 



Remark 3.2. If X is simply-connected, then the third case only occurs when the 
connection on su{E) induced by A is trivial. The stabilizer of the pair is then U(2). 

The undesirable third case in Proposition |3.1| (see [|l^) can be excluded with the 
aid of a criterion due to Fintushel and Stern [Q: 

Proposition 3.3. [|l|] //c G H^{X; Z) and c (mod 2) G H^{X; Z2) zs not a pullback 
from H^{K{7ii{X), 1); Z2), then there are no S0(3) bundles V ^ X with W2iV) = c 
(mod 2) which admit a flat connection. 

We can choose the class W2{su{E)) = ci{E) (mod 2) so that su{E) does not admit a 

flat connection using the blow-up trick of |^: If c G H'^{X] Z) and e* is the Poincare 

2 

dual of the exceptional class of the blow-up X := X^CF , then c + e* does not 
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admit a flat SO (3) connection. As the Donaldson polynomials and Seiberg-Witten 
invariants of X and its blowup X determine each other, no information is lost in this 



process ||2^, ^ . Therefore, assuming this third possibility does not occur, the moduli 



space M^r^E has a smooth stratification 

(3.3) Mw,E = M*^%UM^''uM^^%, with M^^% ■.= [jM'^%^^^, 

where the union is over the finitely many line bundles Li G H^{X] Z) for which (i) 
there is a topological splitting E = Li Q) L2, where L2 = (detE) ® and recalling 
that det E is fixed, and (ii) the moduli space M^^^^ is non-empty. One can show 
directly that there are only a finite number of line bundles Li with M^"^ non-empty 
by repeating the usual argument for the standard Seiberg-Witten moduli spaces P5| , 
Theorem 5.2.4]. 

For the remainder of this article we shall assume that X is equipped with an 
orientation, a homology orientation, has b'^{X) > 0, and is equipped with a generic 
Riemannian metric. In the case = 1, the Donaldson invariants refer to the 

specific chamber in if^(X;R)/M* defined by the choice of metric. The dimensions of 
our moduli spaces are then given by 

2d{su{E),F) := dimM^^ = 2da{su{E)) + 2n„(su(E),F) - 1, 

2da{5u{E)) := dimMI;^'^ = -2pi(su(^)) - f (e(X) + a{X)) 

= -2pi(su(^)) - 3(1 - b\X) + 6+(X)), 

2na{su{E),F) ■.= 2lndc Da = Ipi{su{E)) + l{F^-a{X)), 

where pi{su{E)) = ci{Ef - 4c2{E) and F = ci{W+) + ci{E), while 

2dsiK) := dimM^^^^ = \iK' - (2e(X) + 3a(X))) 

= \iK'-aiX))-il-b\X) + b^X)), 

where K := ci{W~^ ® Li). Since b^{X) —b^{X) is odd for X admissible, one sees that 
the moduli spaces MJf"^ and M^^j^_^ are indeed even-dimensional, as implied above, 
since \{K^ — cr(X)) is twice the complex index of the Dirac operator on W'^ (S> Li. 

3.2. Cobordisms of links via moduli spaces of PU(2) monopoles. The essen- 
tial idea is to use the moduli space as a cobordism between the 'links' of M^'^ 
and M^*^. In § p.3| we define cohomology classes and their dual geometric representa- 



tives on M^^. The pairing of a product of these cohomology classes (or intersection 
of their dual geometric representatives) with the link of M|f^ can be expressed as a 



multiple of the Donaldson polynomial (Lemma p.l7|) while the pairing of these classes 



with the link of M^"^^ gives multiples of the Seiberg-Witten invariants (Theorem |3.23| ). 



The intersection of the geometric representatives in is a family of oriented one- 

manifolds, whose boundaries should lie in the links of M|f^ and M^*^, yielding an 
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equality between these pairings and thus a relationship between the Donaldson and 
Seiberg-Witten invariants. 

Two technical difficulties arise in the above program. The ffist problem is that 
is not compact. Thus the boundaries of the one-manifolds might not lie on 

these links, but in the lower levels of Mw,e- One can work instead with M^^^ the 
subspace of Mw,e given by triples [A, $,x] where $ ^ and A is not reducible. 
In §p.4|, we describe the intersection of the closure of the geometric representatives 



in Mw,E with the lower strata of M^^. This description and a dimension-counting 
argument show that the one-manifolds given by the intersection of the geometric 
representatives do not have boundary points in the lower levels of M^^. 

The second problem is to define links of the singularities M|f^ and M^'^^ ]^_^. The 
equations (p.4|) cutting out Mw,e C Cw,e do not vanish transversely along these 



singularities and so the local topology of M^^e could be quite intricate near M^'^ 
and M^Y^E Li ■ § |3.6| we define a smoothly-stratified, codimension-one subspace 
j^asd ^ ^'^'^ Lemma 13.17] we compute the intersection of some geomet- 



ric representatives with this link. In § p.7| we outline our definition |]T5[ of a link 
^w,E,Li C of the stratum M^|^ j;^^ in M^/^e and describe the intersection of the 



geometric representatives with this link in Theorem 3.23 



If all the reducibles lie only in the top level of M^^e, the cobordism M^e yields an 
explicit formula relating the Donaldson polynomial and the Seiberg-Witten invariant 
(Theorem p.21 ). In general, however, there will be reducible pairs in the lower levels 



of Mw,E- The one- manifolds given by the intersection of the geometric representatives 
can then have boundaries at reducible pairs in the lower levels of Mw,e- The space 
M^E yields a cobordism between L^^*^ and the links of all the reducibles, including 
these lower-level reducibles. The definition of the links of the lower-level reducibles 
is considerably more involved and is discussed in §|. 

3.3. The cohomology classes. In this subsection we define the cohomology classes 



on M^^, referring the reader to for detailed description of their dual geometric 

representatives. Recall that Cw,e = -Ae x VL^{W^ ® E) is our pre-configuration space 
of pairs, where we have omitted Sobolev indices as these play no role in the present 
discussion. Let C^e denote the subspace of pairs which are not reducible, let C^rE 
denote the subspace of those which are not zero-section pairs, and let C'^e denote 
the subspace of those which are neither zero-section nor reducible pairs. Let P be 
the U(2) principal bundle underlying the vector bundle E and define 

The space P is a principal U(2) bundle over C^e ^ The associated S0(3) bundle, 
pad ._ ^/sl^ extends over C'^E- Indeed, the space P is isomorphic to / S\ over 
the zero-section pairs. Over the reducible pairs, the space P becomes an SO (3) fiber 
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bundle, but is not principal as the stabilizers of these pairs are not normal subgroups 
of U(2). 



We define maps from the homology of X to the cohomology of via 



W,Ei 



/3^ci(P)/A 
/?^-ipi(P/4)//?, 



where 

|pi(P/^i)//5=(c2(P)-H(P))//3. 
Following []lT], Definition 5.1.11] we define a universal S0(3) bundle by 



pad 



Ge 



BlxX 



and set 



^^E : H,{X- Q) ^ H'-'{BI- Q), /? ^ -ip,(P^d)/^. 
If TT : B% is the projection [A, $] i-^ [A], we see that (vr x idx 

This implies the following relation between the cohomology classes on C- 

Lemma 3.4. If [3 e H.{X;Q), then vr>i5(/3) = Hp,{(3). 



*pad 



ad 



w,E and B*e: 



The class ficiix) is non-trivial on the link of the zero-section pairs |15|. It does not 
pull back from the quotient space of connections and does not even extend over the 
subspace M^"^ C Mw,e- 

By analogy with the construction of geometric representatives for cohomology 
classes in Donaldson theory ^ |10|, [11], we define geometric representatives V{l3) 
and W{x) to represent f^p^iP) and /ici(x), respectively. Some features of the definition 
of these geometric representatives are worth mentioning. For a smooth submanifold 
Y C X representing /3 G H,{X;Q), we let Uy be a 'suitable' neighborhood §2]. 
The representatives V{l3) are the pull-backs of the usual usual geometric representa- 
tives of Donaldson theory from the quotient space of connections B%{Uy Uj Bj), 
where Bj are the balls supporting the holonomy perturbations. If the energy of a 
connection A|4b^, is greater than a certain universal bound, the representative V{(3) 
is independent of its restriction to Bj/. 

As in g, we let A(X) := Sym (i7even(^; Q)) ® A (i/odd(^; Q)) be the graded 



algebra, with z = f3if32 . . . (3r having total degree deg(z) = ^j(4 — ip), when (5p e 
Hi^{X-Q). We write 



v{z) := v{p,)n---nv{Pr: 

for z = ■ ■ ■ Pr, and similarly for He^z). We write 



/ici(x) 



/iei(x) and Wix"^) ■=W{x)n---nW{x), 



m times 



m times 
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for products of the class fJ^aix) and its dual W{x). 

3.4. The closure of the geometric representatives. We now describe the in- 
tersection of the geometric representatives with the lower strata of Mvf,e- Let S C 
Sym^(X) be a smooth stratum. Counting dimensions, one sees that 

dim Mj^^_^ (S) = dim — 6i + dim S 

< dim M^°^ -2£, 0<i< N^, 

so the strata M^^_^(S) (with £ > 1) of the compactification Mw,e have codimension 

at least two less than the top stratum M^^. This would allow the definition of a 
relative fundamental class (with boundaries given by the links of the zero-section and 
reducible pairs) if we knew Mvy,£; had locally finite topology. We consider intersections 
of geometric representatives whose total codimension is one less than the dimension 
of M^^. Thus, if these geometric representatives intersect the lower strata of M^^e 
in sets of the same codimension as their intersection with the top stratum M^^, 
dimension counting shows that the intersection of these geometric representatives, 
away from the zero-section and reducible pairs, occurs only in the top stratum. 

Definition 3.5. The closures of the geometric representatives, V{l3), W{x), in M^^e 
are denoted by V{P), W{x), respectively. For z = Pi . . . Pr G A(X), a generator 
X G Hq{X), and an integer m > 0, we denote 

V{z) := V{Pi) n ■ ■ ■ n V{pr) and Wix"") := W{x) f] ■ ■ ■ f] W{x) . 

' v ' 

m times 

The description of the intersection of V{P), W{x) with the lower strata given below 
in Lemma ^]6| is incomplete, as it (i) gives only an inclusion and not an equality and (ii) 
does not give the multiplicities of components of these intersections occuring in lower 



levels. A more complete description is given in [17|, using 'tubular neighborhood 



descriptions of the lower strata in Mw,e obtained from gluing maps. 

For i = 1, . . . , £, let TTj : X X ■ ■ ■ X X — > X be projection onto the ith factor. Let 
5*^(1^) be the projection of Liin^^{Y) to Sym^(X) under the map X^ — >• Sym^(y) and 
denote S^{Y) = Sym^(r) n S. 

On each space Mj^£;_^, there are geometric representatives Ve{P) and We{x) defined 
in exactly the same way as the geometric representatives V{P), W{x) on M^^, 
except that we use bundles P-e and P^'^ := {P-^)/S\ with ci{P-i) = ci(P) and 
C2{P-e) = C2{P) —L We then have the following description of the intersection of the 
extended geometric representatives V{P), W{x) with M^^_^(E): 

Lemma 3.6. For a smooth stratum S C Sym^(X), let ir : ^(S) —>■ Tj be the 

projection map. Let x G Hq{X) he a generator, let P G if,(X;Q) have a smooth 
representative Y d X , and let Uy he a suitahle neighhorhood ofY. Then the following 
hold: 
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1. V{(5) n M*^^eJ^) C V,{P) U vr-i(5s(f/y)), 

2. W{x) n M*^^eJ^) ^ W,{x) U 7r-i(Ss(f/.)). 

Furthermore, if i = and (3 G H2{X;<Q) is a two-dimensional class with {2Li — 
Ci{E),(3) 7^ 0, then we have the following reverse inclusions: 

2. C V{x), 

3. Mf^uM^^;^^ c 



Remark 3.7. 1. The intersections of the geometric representatives with the strata 
of reducible pairs and of zero-section pairs in Mw,e generally do not have the 
expected co dimensions. Indeed, Lemma shows that almost all geometric 



representatives will contain reducible pairs in the top level. 
2. To get equality in the first assertions (replacing Sy,{Uy) with Sy:(Y)), we use 
gluing to describe the geometric representatives in an Uhlenbeck neighborhood 
of the lower level. 

One cannot use dimension counting directly at this point as the open subsets 
7r~^(S's(?7y)) in M^^_^(S) do not have positive codimension. However, it can be 

shown that the restrictions of the geometric representatives Ve{P), Wi{x) to 7r^-'^(S's(f/y)) 
are given by a puUback from 7r~^{Sj]{Y)). The intersection of the geometric repre- 
sentatives with Mj^£;_ (S) may thus be computed by replacing vr~^(S's(?7y)) with 

We then see from Lemma p.6| and the transversality results of §0 that although 
the closures V{P) and W{x) do not intersect every stratum of Mw,e in a set of the 
expected codimension, they do intersect the strata of sets of the expected 

codimension. A dimension-counting argument then yields: 



Corollary 3.8. ||T5l Let rip^ and ric^ he non-negative integers such that rip^ + ric^ = 
da + na — 1. Let Pi, . . . , Pr £ H,{X;Q) be homology classes such that J2i (4 — dim = 
Up-^ and let z = P1P2 ■ ■ ■ Pr £ A(X). // the collection Pi,...,Pr does not contain 
both a zero- dimensional class and a three-dimensional class, then for generic choices 
of geometric representatives, and appropriate choices of suitable neighborhoods, the 
intersection 



W,E 

is a collection of one- dimensional manifolds, disjoint from the lower strata of M^^. 



Remark 3.9. The condition in Corollary about the absence of either three- or 
zero-dimensional homology classes is necessary because the definition of a suitable 
neighborhood includes loops which weaken the conclusions one can reach by dimension 
counting (see [^, p. 593] or [0). 
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3.5. Orientations and the deformation complex. The deformation complex for 
the PU(2) monopole equations ( p.4|) is given by 



(3.4) nO{su{E))®t^z ® © 

where iKz is the Lie algebra of S\. Here, d\ $ is the differential of the action of 
the gauge group °Qe at {A, $), while d\ ^ is the linearization of the PU(2) monopole 
equations (|2.4|). Let 

be the 'roUed-up' deformation operator. For any point [A, $] G M^^, there is an 



isomorphism, Ta,^M^^ ~ KerPyi_$. In UTSf we prove that is orientable by 



r*,0 



showing that the real line bundle det T) is trivial. 

An orientation for can be specified by choosing a value for a section of det V 

at any point [A, $] G Cw,e- At a zero-section PU(2) monopole {A, 0), the deformation 
complex (|3.4|) splits into the direct sum of complexes: 



n\su{E)) n\su{E)) — ^ r]+(su(E)) 



The first complex is the elliptic deformation complex for the moduli space M|f*^ of 
anti-self-dual connections and iM.z is in the cokernel of T>Afl- Because 

(3.5) det Va,o ^ det [d*^ + d+) (g) det Da ® (zMz)*, 

we can specify an orientation for det V by specifying one for the anti-self-dual moduli 
space, using the complex orientation on det Da, and fixing an orientation for iM.z- 

Definition 3.10. If w G H'^{X; Z) is an integral lift of W2{su{E)) and pi{su{E)) = 
— 4fc, and f2 is a homology orientation for X, let Ofc(i7, w) be the corresponding orien- 
tation defined in [0, §7.1.6] for the moduli space MJf*^ of anti-self-dual connections 
on su{E). Let Ol^'^{^l,w) be the orientation for detP, and so M^^, defined through 
the isomorphism ( |3.5| ), the orientation Ok{^,w) for the moduli space MJf^, the com- 
plex orientation for detD and the fixed orientation for iM.z- The moduli space MJf^ 
is equipped with the standard orientation Ok{fi,ci{E)), where k = —jPi{su{E)), if 
no other orientation is specified. 



Remark 3.11. Since pi(su(E)) = ci{Ef-4:C2{E) and W2{su{E)) = ci{E) (mod 2), 
then pi{3u{E)) = w"^ (mod 4) if w is an integral lift of W2{su{E)). The orientation 
for M^'^ is then determined by the addition of — |(pi(su(-E')) — w^) instantons to the 
U(2) bundle CQ)w, with corresponding S0(3) bundle M © w^^. 



18 



PAUL M. N. FEEHAN AND THOMAS G. LENESS 



As shown in P], the difference between the orientations Ok{fl, w') and oa:(^5 w") for 
^asd given by 

(3.6) eKw;") = (-1)^"'-"'")'/^ 

where w',w" G H^{X; Z) are any two integral hfts of W2{su{E)). 

3.6. Geometric representatives and zero-section monopoles. The stratum 
Mlf^ C Mw^E of zero-section pairs is identified with the moduh space of anti-self- 
dual connections on the SO (3) bundle su{E). Because the geometric representatives 
V{j3) are pulled back by the map ~^ given by [A,^] i— > [A], the following 
computation of the intersection of the geometric representatives with the stratum 
M^'^ of zero-section monopoles is clear: 

Lemma 3.12. Let E be a Hermitian two-plane bundle over a four-manifold X with 
b^{X) > and generic Riemannian metric. Choose Ci{E) (mod 2) so that su{E) 
does not admit a fiat connection. Let z G A(X) have degree 2np^, where rip^ > da- 
For a generic choice of geometric representatives, the intersection of V{z) with the 
strata of zero-section pairs in My/^E is a finite number of generic points in M^'^. 

If M^'^ is given its standard orientation then the number of points in this intersec- 
tion, counted with sign, is given by 



HV{z)nM\ 



asd j 



Dx^'^Xz) ifnp^=da, 



ifup^ > da. 

As we shall see in the following lemma, it is important that the above intersection 
take place at generic points in MJf'^. A neighborhood of a zero-section pair [A,0] G 
Mw,E can be described by the following Kuranishi model. 

Lemma 3.13. For any point [A] G MJf*^, there is a smoothly stratified diffeomor- 
phism between a neighborhood of [A, 0] in Mw,e o^nd a neighborhood of zero in m^^ (0) / , 
where m is an S\-equivariant map 

m : TaM'^'^ © Ker D^^g Coker D^ g. 

//Ind ^ > then for generic points [A\ G M'^^, the cokernel of the Dirac operator 
vanishes for generic perturbations i}. 

The cokernel of the perturbed Dirac operator ^ vanishes at generic points [A] G 
Me'^ because the map A Dj^^ from Me'^ to the space Fredholm operators, for 



a given index, is transverse to the jumping line strata. As described in [31|, the 



'jumping line strata' are the strata of Fredholm operators indexed by the dimension 
of their cokernels and the top stratum consists of operators with vanishing cokernel. 
Lemma 3.13 then describes the normal cone to M'^'^ at a generic point [A, 0] as a 



cone on CP"" , where Ker ^ ~ 



We have described the geometric representative V{f3) near the anti-self-dual moduli 
space; W{x) can be described as follows. 



PU(2) MONOPOLES AND RELATIONS BETWEEN 4-MANIFOLD INVARIANTS 



19 



Lemma 3.14. When restricted to the link in the normal cone of M'"^^ in My/^E 
a generic point [A, 0] G M'^^ , the geometric representative W{x) is Poincare dual to 
2h, where h G iJ^((KerD^^\{0})/S'^; Z) is the positive generator. 



Remark 3.15. Lemma 3.14 shows that W{x) will have non-trivial intersection with 
the normal cone of any generic point in MJf^. Thus, the closure of W{x) in Mw,e 
will contain all generic points and thus all points in M^*^. 

Let MJf*^ denote the closure of M^'^ in Mw,e', note that this may properly contain 
the closure Mf^ of M^"^ in IM^'^. 

Definition 3.16. The link of M^^ in Mw,e is given by 

Lr'^ ■.= {[A,^eMw,E--\mh = e^}. 

It is a simple matter to show that the map $ ^ 11"^ Ilia is continuous on M\y,e 
and smooth on each stratum. Thus, for generic values of e > 0, the link L^*^ is a 
smoothly stratified, codimension-one subspace of Mh'.e- The intersection of L^*^*^ with 
an approriate number of generic geometric representatives is then a finite number of 
points which can be calculated using Lemmas |3.12| and p.l4 . 



Lemma 3.17. |15] Let E he a Hermitian two-plane bundle over a four-manifold X 
with b^{X) > and generic Riemannian metric. Choose ci{E) (mod 2) so that 
5u{E) does not admit a fiat connection. Let rip^ and n^^ he non-negative integers such 
that + = da + Ua — I. Suppose z G A(X) has degree In^^ > 2da. If My/^E is 
given the orientation Ol^'^{Q,Ci{Ej), where k = —^pi{su{E)) , then there is a positive 
constant Eq such that for generic e < Eq we have 



'D'^^''\z) if Up, = da. 

ifUp^ > da. 



3.7. Links of the strata of reducible monopoles. To describe the geometric 
representatives in a neighborhood of the reducible monopoles, M^^*^^^, it does not 
suffice to produce a Kuranishi model at a generic point. Neither of the geometric 
representatives, V{(3), W{x) intersects M^*^ in a set of the expected codimension 
so we cannot use them to cut down to a set of generic points as we did with the 
stratum of zero-section monopoles. Instead, we must give a global description of the 
link of M^'^^ j^_^ in M^^. We may assume without loss of generality that M^'^^ j^_^ 
contains no zero-section solutions. 

Even in the case where is in the top level Mw,Ei the problem of defining 

a link is non-trivial when the dimension of M^*^ is positive. The techniques we 



employ in [jT5| follow the ideas of Atiyah and Singer for stabilizing index bundles 
0, |lT|. Related methods have also been used in a variety of recent applications of 
Gromov and Seiberg-Witten invariants (including those of 0, 0, for 

example) which essentially involve 'excess intersection theory' in situations where 



20 PAUL M. N. FEEHAN AND THOMAS G. LENESS 

transversality cannot be achieved by 'generic parameter' arguments via the Sard- 
Smale theorem. 

In this subsection, we sketch our construction of the hnk of M^^^^^ in when 
these reducibles he in the top level . Let {A, $) represent a point in and 
recall that P^,* = (f^A^, + d\ i^. Let 

E := L^_i(A+ ® 5u{E)) © Ll_^iW- ® E) 

and let & : Cw,e — > E be the °^E-equi variant map defined by the PU(2) monopole 
equations (p.4|), so = {D&)a,'S>- It is convenient to temporarily pass to an 5*^- 
equivariant setting, so let 

°Cw,E '■= Cw,e/Ge, 
and note that Cw,e = °Cw,e/S\ = °Cw,e/ S\^. We then have 

°Mw,E := &-\0)n °Cw,e, 

with quotient Mw,e = °Mw,e/SI = °Mw,e/SI^. If [A, $] is a point in M^;^^^^^, the 
stabilizer Stab^.* of the pair {A, $) is S}^^ in °Qe but is trivial in Qe- 

If [A, $) represents a point [A, $] G the full elliptic deformation complex 

d\ ^ of ( |3.4} ) for the PU(2) monopole equations splits into tangential deformation com- 
plex, (i^*^, and normal deformation complex, d'J^^^ (see |TB|). The tangential deforma- 
tion complex is isomorphic to the elliptic deformation complex for the U(l) monopole 
equations (^]2|). The rolled-up elliptic deformation complex Pa,* = c^a* © 
also splits, of course, into tangential and normal rolled-up deformation complexes: 
= T^A,^ © with Coker P^^^ = and 

KeiV\^ ^Ta,^M'^%^^^ and KeiVX^ ^KeiVA,^lTA,^M'^%^^^. 

Let Ilyi^^ denote the orthogonal projections onto the subspaces 

Cokeid\ i^ ~ CokeiVA,^ — CokerP^^^ ~ Cokerrf^^, 

noting that Cokerci^*^ = Kerrf^^^ = 0. The Kuranishi model of a neighborhood in 
Mw^E of a point [A, $] G M^'^^ j^^ is given by 

(3.7) 7 : Oa,<^ C Ker Va,^ ^ °Cw,e. 

if : Oa,4> C KerP^,* Coker P^,*, 

where Oa,<i> is an invariant open neighborhood of the origin in KerD^ ^ = 
KerD^^ © KerD^^, 7 is an S'l^^'^quivariant embedding, and is a smooth S\^- 
equivariant map. The map 7 descends to a smoothly stratified diffeomorphism from 
ip~^{Q)/ onto an open neighborhood of [A, $] in My/^E- The obstruction map (p is 
given by n o (5 o 7. 

Since the construction of the link of in is complicated in general, 

it is helpful to begin by considering some simple special cases. When M^^_^^ is 
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zero-dimensional, links in of the points of M^*^ are defined by the Kuranishi 

model (|3.7] ): The link of a point [A, $] is simply given by the S\ quotient of the 



zero- locus of ip in an e-sphere around the origin in KerD^ $. 

For the remainder of this subsection we assume that M^^^ may be positive- 
dimensional. If Coker D vanishes along M^*^ , then Ker is a finite-rank, S\^- 
equivariant vector bundle over M^^^^^^ with fibers Ker V\ i^ over points [A, $] G 
Li- There is an S'^^^-equivariant diffeomorphism from an open neighborhood 
O of the zero section M'^%j^^ C KerP" and an open neighborhood of M^*^ in 

°Mw,E. 

More generally, if the cokernel of I'a,* has constant rank as [A, $] varies in M^*^ 
(that is, no spectral flow occurs), then KerP" and Coker P both define finite-rank, 
'^'ia'Squi variant vector bundles over M^*^^^: 

KerP" Coker P 

(3.8) VTfc \ / TT, 

Let 2z/ be the least positive eigenvalue of the Laplacian Ayi^$ := Va,<s>'D\^ as [A, $] 
varies along the compact manifold and let Yiy^A,<s> denote the orthogonal 

projection from E onto the subspace spanned by the eigenvectors of A^,* with eigen- 
value less than v. The vector bundle Coker T) over M^*^ then extends to a vector 
bundle "E^ := Ker(id — Iljy) o A = Coker(id — 11,^) o D of the same rank over an open 
neighborhood of in °Cw,e- The obstruction section (f over O C KerP" of 

the vector bundle 

(3.9) 7*S^^Kerr'" 

is given by 9? := Iliy o © o -7 on (!? C KerD", where the S'l^^'^quivariant embedding 
7 : (9 — i> °Cw,E gives a diffeomorphism from an open neighborhood O of the zero 
section M^^^ in Ker "D" onto an open neighborhood of M^y^^ in the S}^^ invariant 
thickened moduli space 

°Mw,EMi^u) := ((id - n,) o &)-\0) c °Cw,e. 
Then 7 descends to a smoothly stratified diffeomorphism from the zero locus 

(3.10) cp-\0)/SlcKeTVySl 

containing M^'^ onto an open neighborhood of in M^y^^;. On the comple- 

ment of the zero section M^^ ^^^ C KerP", the S}^^ quotient of the projection (|3T 
given by 

(3.11) Y^^/Sl^KerV^/Sl, 
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is a vector bundle. The homology class of the zero locus ( |3.10|) of the obstruction map 
can be calculated from the Euler class of the vector bundle (|3.11| ) or, equivalently, 
from that of 

7r*CokerI?/5i^^KerI?7^i^, 

as is easily seen. 

In general, though, one cannot guarantee that CokerP will either vanish or have 
constant rank. Let M^|^ C Cw,e be the pre-image of M^|^ under the projection 
from the pre-configuration space Cw,e onto the quotient °Cw,e = Cw,e/Ge- Because 
Li is compact, we can construct a finite family of gauge-equivariant 'stabilizing 
maps' from Mli^% Li such that 

• The image of these maps at {A, $) G M^*^ spans Cokerl^A,*, 

• The subspace 'Ba,<s> C E is S}^^ invariant, 

• The dimension of Ea,<s> is constant for all pairs {A, <l>) G i^^. 

The subspaces then fit together to form an S'j^^-equivariant vector bundle S 

over M^y'^^^, which extends to an S'j^^-equivariant vector bundle S over an open 
neighborhood of in °Cw,e- Let 11=.^ $ denote the orthogonal projection 

from E onto the subspace The properties of the stabilizing sections ensure that 

the space 

Nw^EMi:^) := Ker(id - Hh) o 
is a vector bundle over M^^^ with fibers which are closed under the action: 

Nw,EMi^) S 
(3.12) tin\ / tth 

The bundle S plays the role of S^, while Ny/^EM^'^) pl^-ys that of KerP" in the 
simpler case ( p.8| ) where the cokernel of V has constant rank along M^^^ In ||15| 
we construct a smooth, invariant thickened moduli space, 

°Mw,em{^) ■= ((id - Hh) o 6)-1(0) C °Cw,e, 

using the stabilizing bundle S. Then Nw,e,Li{^) is the S'l^^'^quivariant normal bundle 
of the smooth submanifold M^*^^^ C ° My/^E,LA'^)^ recalling that M^'^ is the 
fixed-point set of S\^. 

The equivariant tubular neighborhood theorem provides an S'^^^-equivariant diffeo- 
morphism 7 : (9 — °Cy/,E from an open neighborhood O of the zero-section M^^^ C 
-^iy,£;,Li(S) onto an open neighborhood of the submanifold M^^^j^^ C ° Mw^e,lA^) 
which covers the identity on My,\ The map 7 then descends to a smoothly strat- 
ified diffeomorphism from the zero locus ip^^{Q)/ in Ny/^E^bA^) I "^Y^ '-"^^^ open 
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neighborhood of in the actual moduh space, My/^Ei where 

if := n= o 6 o ^ 

is a section over O C Nw,e,lA^) °f S\^-eqymaxiaxit vector bundle 
As in the constant rank case, this descends to a vector bundle 

on the complement of the zero section, C Ny/^EM^'^) I "^^2^ whose Euler class 

may be computed from 

^*N-/Sl2 Nw,e,lA-)/Sl2- 
While the bundle 7*S given by this restriction to the complement of the zero section 
is trivial — because it is spanned by the stabilizing sections — the quotient 
has a non-trivial Euler class. 

Definition 3.18. Let Ny^^^ Li^) denote the sphere bundle of fiber vectors of length 

e and let ¥Nw,e,lA-) = Nw,em(-)/ ^h- ^he Unk of the stratum M^^^^^^ C Mw,e 
of reducible pairs is given by 

i^w,E,L, := 7 {^-\0) n N^^em(^)) /Si 

and thus 

[^^w,em] = e (7*2/5iJ n [FN^^E^m 

is its homology class. 

Remark 3.19. The orientation given to ^iw,e,Li by the orientation on M^*^^^ from 
the homology orientation Q and the complex structure on the fibers of Nw,E,Lii'^) 
(from the S}^^ action) is equivalent to the orientation given by 0^'^{fl, L2 (S> L^) (see 



3.8. Reduction formulas for Donaldson invariants: U(l) monopoles in the 



top Uhlenbeck level. In this subsection we describe some of our results from [15 



where we compute Donaldson invariants in terms of Seiberg-Witten invariants when 
the U(l) monopoles in Mw,e lie only in the top level Mw,e- 

Definition 3.20. The set of moduli spaces of U(l) monopoles contained in the top 
level MiY^E is enumerated by 

Red{W,E) := {L, e H\X;Z) : M^j,^^^ ^ and {2U - c^{E)f = Vx{^v.{E))} . 

The set of moduli spaces of U(l) monopoles contained in the compact space of ideal 
PU(2) monopoles IM^/^e is enumerated by 

Rid(iy, E) := {Li G WiX- Z) : M'^%_^^^^ ^ and 

(2Li + ci(E))2 = pi(su(E_,)) + 4^, £ e Z>o}, 
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where Ci{E_i) = Ci{E) and C2{E_i) = C2{E) — i. 

Note that 2Li-ci{E) = K-F, where K = ci{W+^Li) and F = ci{W^) + ci{E) . 
The compactification Mw,e may be a proper subset of IMw,e- If the reducibles in 
appear only in the top Uhlenbeck level M-^^e then serves as a cobordism 

between the link L'f'^ of the anti-self-dual moduli space MJf*^ and the links ^iw,e,Li 
of the strata of reducibles M^J^ . This gives the following formula: 

Theorem 3.21. [|l^ Let E be a Hermitian two-plane bundle over a four-manifold X 



with h^{X) > and generic Riemannian metric. Choose ci{E) (mod 2) so thatsu{E) 
does not admit a flat connection. Suppose z G A{X) has degree 2da. IfR.ed{W,E) = 
Iied{W,E), so the reducible PU(2) monopoles in Mw,e appear only in the highest 
Uhlenbeck level, then 

(3.13) 2--iD-(^)(^) = - J2 - f^cAx""-'), 

LieRed(W,£;) 

The sign (—1)^^ in ( |3.13| ) comes from the parity change e{ci{E), L2® L\) of ( |3.6| ), 
noting that ci{E) = Li + L2. 

The restriction of the cohomology classes Aipi(/3) and /ici(a;) to 'Lw,e,Li are com- 
puted in in terms of the hyperplane class on M^'^ and the generator of the 



cohomology of the fiber of PA^vk,e,Li(S). The Euler class, e{'y*'E / S\^) , can also be 
expressed in these terms. From the Atiyah-Singer index theorem for families, one can 
compute the Segre classes of the bundle N^^em^) under the assumption h^{X) < 1. 
If h^{X) > 1 the computation is still possible in principle, but becomes unmanage- 
able in practice. To describe the results of these computations, we introduce some 
standard expressions to describe certain constants arising in our reduction formula: 



Definition 3.22. |2^, §8.96] The Jacobi polynomials are defined by 

(a; _ 1)"— (a; + 1)-. 



n , 
m=0 ^ 



n + a\ / n + 6 
m i\n — m 



Functional relations, relations with other special functions, and the generating 
function for the Jacobi polynomials can be found in p8| , pp. 1034-1035]. Recall that 



So = (p, W) is a choice of fixed spin'^ structure on X. For line bundles L\ G H^iX] Z) 
we denote 5o ® -^1 '■= (p, ® Li). 

Theorem 3.23. [|l^ Let E be a Hermitian two-plane bundle over a four-manifold 
X with b^{X) > 0, b^{X) < 1, and generic Riemannian metric. Choose Ci{E) 
(mod 2) so that su{E) does not admit a flat connection. Let rip^ + = da + Ua — 
1, where Up^, n^.^ are non-negative integers. For the stratum of reducible solutions 
^w%M (contained in the highest level of Mw,e, a generator x G Ho{X;Z,), classes 
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Pi, ... , Pnp^ G H2{X] Q), and integers < m < \np^, we have 
(3.14) ■ ■■(3n,^.2mxn - /ic,(x"^0, [^w,em]) 

npj —2m 

= (_l)-2-"-i+'^»C^,^,iiK,neJW(so®Li) W (2Li-ci(E),A) 

i=0 

where, for I = rip^ — — dg and J = ric^ — dg, the constants and Ck,f are given 
by 



nt{5u{E)) := -piisuiE)) - i(e(X) + a{X)), 

c.,„,,..„...=,r-»>==-.t.-.rC;)f:::") 



Remark 3.24. 1. Note that 2Li - ci{E) = K - F, where K = ci{W+ O Li) and 
F = ci{W~^) + Ci{E), and that the polynomial Cw,E,Lii') ^^^y depends on the 
classes K and F (together with the Euler characteristic and signature of X). 

2. The constant is the index of the elliptic complex on fl*{Li ® Lg) induced by 
homotoping the normal deformation complex at a reducible pair, determined by 
the reduction E = Li Q) L2, to a. diagonal complex. 

3. If (is = we have Pq^''^\o) = 1 and so for manifolds of Seiberg-Witten simple 
type, the constant Cw,E,Lii^piy^ci) is not interesting. It should, however, prove 
vital in understanding the relation between the Donaldson and Seiberg-Witten 
invariants for any manifolds which are not of simple type. 



Combining Theorems ^.21| and |3.23| yields 



Corollary 3.25. [|1^ Let E be a Hermitian two-plane bundle over a four-manifold X 
with b^{X) > 0, b^{X) < 1, and generic Riemannian metric. Choose Ci{E) (mod 2) 
so that su{E) does not admit a fiat connection. Let x G Hq{X; Z) be a generator, let 
Pi,...,Pda e H2{X] Q), and suppose 

z = (3i---(3d^.2mx"'eA{X), 



forO <m < \da. IfRed{W, E) = Red(W, E), so reducible PU(2) monopoles in Mw,e 
appear only in the highest level M^ye, then the following holds: 

— 2"-''~^ D'^X^^\z) = ^_'^-^Ll^_^-^m2-da+ds{ci{W+(^Li)) 
LieRed{W,E) 

da— 2m 

xCw,EMida,na-l)SW{3o^Li) II (2Li-Ci(E),A), 

i=0 
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where Cvi/,£;,Li(<^a, — 1) is defined in Theorem \3. 2^ . If X has Seiberg-Witten simple 
type then 

da~2m 

Df''\z)= (-l)'^'(-ir~'2^-'^"-"''W(so®Li) J] (2Li-ci(E),A). 

LieRed(Vl^,£;) i=0 

The formula in Corollary |3.25| differs what one might expect from equations (|1 . 1| ) 
and (|1.2| ) as it contains terms of the form 

{2L,-c,{E),f3,) = {K-F,(3,), 

where K = Ci(W^ ® Li) and F = Ci{E) + Ci(W~^), rather than the terms {K,Pi). 
In addition, the power Lf of —1 does not match the exponent ^{w"^ + wK) given in 
( p..l| ) for any obvious choice of line bundle w over X. 



As shown by our examples in ||T5[, the condition Red{W, E) = Red{W,E) puts 
severe restrictions on the class F and the intersections FKr, where the are basic 
classes. Under these restrictions, combinatorial identities give a cancellation of the 
factors of F in the formula of Corollary ^.25 . One sees from these examples that one 
should not assume that the terms 

in (|1.2|) translate directly into values for pairings with the link of the reducible M^*^ 
when K = ci{W^ ^ Li). In the sum over all links, there can be many cancellations 
between terms contributed by different links. We illustrate the use of Corollary |3.25 
below; see for further examples. 

Example 3.26. fl^ We use Corollary p.25| to calculate the first non-trivial Donald- 



son polynomial of the elliptic surface E(n) with Euler characteristic e{E{n)) = 12n 
and signature a{E{n)) = — 8n. Let / G H'^{E{n)] Z) denote the fiber class of the ellip- 
tic fibration. For suitable perturbations, the only non-empty Seiberg-Witten moduli 
spaces correspond to spin'^ structures with 

Kr := Ci(Vr+ ® Li,,.) = (n - 2 -2r)/, r = 0,...,n-2. 

The Seiberg-Witten invariants of the spin'^ structures with these classes are given by 
(see, for example. 



SWiKr) = {-lY(^ ^'^y r = 0,...,n-2. 

Because pi{su{E)) = (Li - La)^ = {Kr - Ff, where E = Li,^ © {det E) (g) Ll^, 
we can ensure that all the reducibles are in the same level (and make this the top 
level) by requiring that KrF = 0. Then pi{su{E)) = {K.^ — F^ = F^. Since 
(1 + b+{E{n))) = 2n, we find that 

daisu{E) = -F^ - |(2n) = -F^ - 3n, 

na{su{E)) = \{2F^ + 8n) = ^F^ + 2n. 
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Thus, to obtain (ia > and Ua > 0, we impose the constraint — 4n < < —3n. Note 
that as Kj. is characteristic and KrF = 0, we must have F"^ even. Applying Corollary 



3.25| with (3 G H2{X; Z) we find, after some calculation, that 



if j > 1 or m > 0, 

-(n-2)!(/,/5)"-2 ifj=m = 0. 



in agreement with the results of [0, |3^ . 

4. Gluing PU(2) monopoles and the PU(2) monopole analogue of the 

kotschick-morgan conjecture 

The problems involved in computing intersection numbers for the link of a fam- 
ily of lower-level reducibles are similar to those encountered in attempts to prove 
the Kotschick- Morgan conjecture [Q. In this section we first discuss the Kotschick- 



Morgan conjecture for Donaldson invariants, describe its analogue for pairings with 
links of lower-level moduli spaces of U(l) monopoles in the Uhlenbeck compactifica- 
tion of the moduli space of PU(2) monopoles, and outline how a resolution of this 
analogue should lead in turn to a proof of Witten's conjecture. 

4.1. The Kotschick-Morgan conjecture for Donaldson invariants. The con- 
jecture of Kotschick and Morgan for Donaldson invariants of four-manifolds X with 
b'^{X) = 1 gives a prediction of how the Donaldson invariants vary when the under- 
lying Riemannian metric changes. More precisely, it asserts that the invariants com- 
puted using metrics lying in different chambers of the positive cone of H^{X; '. 



differ by terms depending only the homotopy type of X |^3|. The definition of the 
Donaldson invariants requires a choice of Riemannian metric on X and they are only 
independent of this choice when b^{X) > 1. 

The Donaldson invariants of a manifold with b^{X) = 1 are not independent of 
the metric because the cobordism formed by taking the moduli space of connections 
ant i- self- dual with respect to elements of a path of metrics may contain reducible anti- 
self-dual connections. The Donaldson cohomology classes evaluate non-trivially on 
the links of these reducible connections, so the values of the Donaldson polynomial 
given by the metrics at the ends of this path will differ by the pairing of the top 
power of the cohomology classes with these links. Directly evaluating such pairings 
or even showing that they depend only on homotopy data is a difficult problem 
when the reducible connection lies in a lower level of the Uhlenbeck compactification. 
The conjecture of asserts that these pairings only depend on homotopy data: 
this has been verified for reducibles in the strata M|f^^(X) x Sym^(X) when i < 2 
1^, ^ ^ and for much higher i when X is algebraic [0, 

Motivated by related work of L. Gottsche on the Kotschick-Morgan conjecture 



for Donaldson invariants |26| and by Fintushel and Stern on the general blowup 



formula pT|, Pidstrigach and Tyurin suggested that the conjecture of Witten should 
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then follow by calculations — analogous to those of Gottsche — from the Kotschick- 



Morgan conjecture for PU(2) monopoles In the case of PU(2) monopoles there 



are further complications, not present in Donaldson theory, due in part to the many 
additional obstructions to gluing PU(2) monopoles. 

4.2. PU(2) monopoles: Gluing and ungluing. The cobordism scheme requires 
the use of analogues of Taubes' gluing maps to parametrize neighborhoods of moduli 
spaces of U(l) monopoles lying at the Uhlenbeck boundary of the moduli space of 
PU(2) monopoles and in particular, to construct links of these singularities. 

In our articles [l^ we first construct approximate gluing maps — giving ap- 



proximate solutions to the PU(2) monopole equations — by grafting anti-self-dual 
connections from the four- sphere, which are concentrated at the north pole, onto a 
background PU(2) monopole at distinct points which are allowed to vary. We then 
show that these approximate gluing maps can be perturbed to give a collection of 
gluing maps 7^, : —>■ and obstruction maps cp^ : A/'a Vq which parametrize 
open neighborhoods of the ends of the non-compact moduli space of PU(2) monopoles 
in the following sense: The image Im^^ of a gluing map is a finite-dimensional sub- 
manifold of the configuration space of pairs of connections and spinors; an open 

neighborhood 7a(¥'a^(0)) in the moduh space M;^% of PU(2) monopol es is then 
cut out of the gluing map image Im^^ by an obstruction section of a finite-rank 
obstruction bundle defined over the gluing parameter data J\fa. 

A gluing map 7„ is constructed by solving the 'infinite-dimensional part' of the 
PU(2) monopole equations (p.4|), essentially obtained by projecting out the eigenspaces 
corresponding to the finitely many 'small eigenvalues' tending to zero. More pre- 
cisely, the scheme we are forced to use is a variant of that developed by Donaldson 
1^, |rT|, where we keep the metric fixed and adapt methods of Taubes p3| to 



allow us to glue in entire moduli spaces of anti-self-dual connections on S : Don- 
aldson's scheme assumes that the connections are restricted to precompact subsets 
of their moduli spaces, while the Riemannian metric on X is allowed to vary con- 
formally. The obstruction map if^ is then defined by 7^, and the 'finite-dimensional 
part' of the PU(2) monopole equations ( p^) which cannot be solved directly (due 
to the small eigenvalues and the resulting growth of Green's operator norms needed 
to solve the quasi- linear equation by the Banach space fixed-point theorem). These 
small eigenvalues arise here because neither the background monopole nor the anti- 
self-dual connections over S'^ — now viewed as 'zero-section PU(2) monopoles' — 
are smooth points of their respective moduli spaces in the sense of Kodaira-Spencer. 
These small-eigenvalue phenomena are reminiscent of those in Taubes' earlier work 



on gluing anti-self-dual connections |62, 64 1 where they arise when the background 



connection is trivial. However, for the purposes of differential-topological calcula- 
tions, the difficulties surrounding them can generally be circumvented by working 



with connections on S0(3) bundles with non-zero W2 or via blowup tricks [46|: such 
a strategy does not work in the case of PU(2) monopoles. 
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The construction of gluing and obstruction maps for PU(2) monopoles is given in 
||T6| , where their existence is estabhshed, and the proof that they parametrize the 
ends of Mw,e is completed in [0. The difficulties in constructing PU(2) monopole 



gluing maps come from several sources: 

• There are always obstructions to gluing coming from the anti-self-dual connec- 
tions over the four-sphere S"^, because of the non-zero cokernel of the Dirac 
operator Da, and from the background moduli spaces of U(l) monopoles. 

• The PU(2) monopole equations, like the Seiberg-Witten equations, are not con- 
formally invariant. Hence, the gluing technology for the conformally invariant 
anti-self-dual equation developed by Donaldson in [P, |ll|] cannot be used directly 
for PU(2) monopoles. 

• The gluing theory of Taubes [^, ^ ^ |6^ is difficult to adapt to the case 



of PU(2) monopoles because the Bochner formula for d^d^'* — on which the 
estimates of ^ |6^ rely and which is well-behaved when the connection 



A bubbles — must be used in conjunction with a Bochner formula for DaD\ 
which is badly behaved when the connection A bubbles. 
• In the work of Donaldson |^ and Mrowka [^] on the 'gluing theorem' for anti- 
self-dual connections, the anti-self-dual connections being glued up are assumed 
to vary in precompact subsets of their respective moduli spaces. While such re- 
strictions always simplify the analysis greatly, they cannot be imposed here since 
we need to ensure that the entire ends of the moduli space of PU(2) monopoles 
are covered by gluing maps. 

The Bochner formulas relevant for Taubes' method are given by 

2d\d\ = V\Va - 2{>V+, ■} + \R+ {Ft, ■}, 
DaD\ = v:4Va + ip(F(A-,^+)) +p(Fi). 

The term will be uniformly bounded while the term is only uniformly 
bounded in and its norm tends to infinity as the connection A bubbles. This 
phenomenon makes it extremely difficult to produce Green's operator estimates which 
are uniform with respect to a degenerating, approximate PU(2) monopole (A, $) and 
hence solve the equations ( p.4|) for exact, nearby PU(2) monopoles. These prob- 



lems are overcome in |T^, |I^ by developing a combination of the gluing methods of 
Donaldson and Taubes, but the above difficulties make the gluing theory and the 
construction of links much more involved than it is for either anti-self-dual connec- 
tions or Seiberg-Witten monopoles (the simplification in the latter case stems from 
the fact that the Seiberg-Witten moduli spaces are compact |4^). For example, we 
need estimates not only for the gluing maps but also for their differentials (and their 
inverses) to prove that the gluing maps are diffeomorphisms and cover the moduli 



space ends |T^. 



In [17] we show that (i) the PU(2) monopole gluing maps are 'surjective' in the sense 
that every PU(2) monopole lies in the image of a gluing map (so it can be 'unglued'). 
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(ii) they are diffeomorphisms onto their images, and (iii) the gluing map images have 
an invariant characterization in the quotient. The surjectivity property of Taubes' 
gluing maps for anti-self-dual connections is a special case of a more general gluing 
result for critical points of the Yang-Mills functional p3| , Proposition 8.2]. Like the 
proof of a particular case of the surjectivity statement for anti-self-dual connection 
gluing maps given by Donaldson and Kronheimer in O, §7.2], Taubes' argument 



essentially relies on estimates for the inverse of the differential of the gluing map and 
the 'method of continuity' to show that a given point lies in the image of a gluing 
map. Again, the main new difficulty here lies in getting estimates which are uniform 
with respect to an approximate PU(2) monopole connection which is 'bubbling' (and 
thus approaching the Uhlenbeck boundary). Our construction in |]IB|, shows that 
open neighborhoods of the lower-level strata of Mvk.e are modelled by zero sets of 
sections of finite-rank obstruction bundles: this generalizes the description given in 



3J of open neighborhoods of the singular strata in the top level M^^e- 



4.3. General reduction formulas and the PU(2)-monopole analogue of the 
Kotschick-Morgan conjecture. In this section we sketch some of the ideas un- 
derlying our approach to the PU(2)-monopole analogue of the Kotschick-Morgan 
conjecture. 

The first observation one needs in order to appreciate why the PU(2)-monopole 
program should work is that, as discussed in §^ and shown in |T^, the intersection 
V{z) nW [x"'^"^) of geometric representatives is a collection of smooth one-manifolds, 
with one set of boundaries near the moduli space M|f"^ of ant i- self- dual solutions and 
the other boundaries in neighborhoods of Seiberg-Witten reducible solutions of the 
form 

(4.1) Ml^E_,. X Sym^(X) C IMw,e. 



Because of the obstructions to gluing, it is not clear that all the points of ( |4.1|) are 
necessarily contained in Mw,e, and so Mw,e may be a proper subset of IMw,e- 

In [0 we analyze the intersection of these geometric representatives in a neigh- 
borhood of the anti-self dual solutions and reducible PU(2) monopoles in the top 
Uhlenbeck level (as described here in §^). To generalize Theorem |3.21| to the case 
when there are reducible pairs in the lower levels of M^^e, we need a precise construc- 
tion of the links Ijw,E^e,Li of the lower- level reducibles (^?1|). In we use the gluing 



and obstruction maps to construct an open neighborhood Uw,E_e,Li of the points ( |4.1| ) 
in M\Y^E with a 'piecewise smoothly-stratified boundary' 

^W,E_e,Li '■= dUw,E^e,Li- 

This boundary serves as a link of the reducible solutions ( |4.1| ) in the compactified 
moduli space Mw,e- Because there are obstructions to gluing coming from both the 
background PU(2) monopoles and the anti-self-dual connections over S"^, it is not 
known if the Uhlenbeck compactification has locally finite topology at points in the 
lower levels. Although the hnk given by dUw,E_i,Li might not have finite topology. 
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its intersection with the geometric representatives of the cohomology classes is finite 
as this intersection takes place in the top stratum (in the top level, away from any 
reducibles) . 

The above remarks suggest that one should obtain a 'reduction formula', conjec- 
tured by Pidstrigach and Tyurin, expressing the Donaldson invariants in terms of 
integrals over links of Seiberg-Witten moduli spaces: 

Conjecture 4.1 (Pidstrigach and Tyurin). If z G A(X), then 

2n„-i^^i(i^)(^) = J2 ^(^) n l^(x"»-i) n Lw,E.,M, if degz = 24, 

LieRM{W,E) 

= J2 Viz) n 1? (x""-^) n Lw,E.,M , if deg z > 2da. 

L^el<Ed{W,E) 

Note that the level index I appearing in the right-hand side the above formulas is 
determined by the reduction = Li © (det E) ® Li defined by Li, since det = 
det E is fixed and C2{E_i) = C2{E) — i. 

The second formula, while not directly interesting, could be useful in deriving 
recursion relations determining the intersections with Lvk.e.^.Li- An important step 
towards proving Witten's conjecture would be to show that the intersection on the 
right has some universal expression (whose precise form might not be known) in terms 
of Seiberg-Witten invariants: 

Conjecture 4.2 (Pidstrigach and Tyurin). The pairing on the right-hand side of 
Conjecture is given by a universal formula depending only on i, F, Li, SW{so (S> 
Li), the intersection form Qx, and invariants of the homotopy type of X. 

This is the Pidstrigach- Tyurin version of the 'Kotschick-Morgan conjecture' |^ 



Conjecture 6.2.1 & 6.2.2]. More specifically, one would like to show that the pairing 
on right-hand side of Conjecture |4.1| is given by 

qx{i,F,L,,Qx)-SW{so®L,) 

for some universal polynomial qx{-), where the dependence on X is just through its 
homotopy type (although even getting the terms on the right-hand side of Conjecture 
to be divisible by SW{sq ® i^i) is a highly non-trivial problem). Naturally, the 
ultimate aim is to evaluate these pairings explicitly, following the example of Gottsche 
in for the = 1 wall-crossing formula, and show that they coincide with the 
prediction of Witten in the case of simple type. We gave calculations of this type for 
top level reducibles in Theorem |3.23| , when i = 0, and outline the idea for lower-level 
reducibles below, when i > 0. 

The calculations are simplest when M^'^_ is zero-dimensional, 



1' 



so we sketch the basic idea for this special case below. Note that when X has Seiberg- 
Witten simple type it may still have positive-dimensional Seiberg-Witten moduli 
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spaces and though the associated Seiberg-Witten invariants will vanish, one cannot 
a priori rule out their contributions to the Donaldson polynomials. Hence, even as- 
suming X has Seiberg-Witten simple type, we still need the thickened moduli spaces 



of § p.7| to show that positive-dimensional Seiberg-Witten moduli spaces do not in fact 
contribute to the Donaldson polynomials. 

Let {Ur}r= I, be neighborhoods of zero in for the reducibles {[Aj., $r]}r=i 

the background moduli space Mw,E_e and let G\{Ur, S) be the gluing data associated 
with Ur and a (precompact open subset of a) smooth stratum S C Sym^(X). We 
can cover a neighborhood of [Ar, $r] x Sym^(X) in Mw,e with the images under the 
gluing maps 

of the zero loci of the obstruction sections 7^2- The pairing on the right-hand side 
of Conjecture [4.1| then takes the form 



(4.2) n nL„ 

r=l 



where is the link of x Sym^(X) in U^j^j.(Gl{Ur,T.)). If one could show 

that the pairing V{z) r\W{x"''^~^) flLj, were a multiple of sign[Aj., with coefficient 



independent of r — that is, independent of the background pair, then the sum ( |4.2| ) 
would be a multiple of 

n 

SW{so ® Li) = mi^E.^M = E '^-]- 

r=l 

Independence of the background pair can be shown by direct calculation when £ = 1, 
much as in [^, |6^. The fact that the individual pairings may depend on the 
background pairs is essentially because the gluing maps do not quite 'commute': 
gluing up the same gluing data in different orders yields slightly different composite 
gluing maps. Similar difficulties have been encountered in attempts to prove the 



Kotschick-Morgan conjecture of Donaldson theory |3^, ^ . 

In the positive dimensional case there are additional problems due to 'spectral flow' 
or 'jumping lines' and this makes it difficult to describe the links of the lower-level 
moduli space of U(l) monopoles, M^|^_^ x Sym^(X). In general, there is no global 
Kuranishi model for M^%_^ which is defined naturally by small-eigenvalue cutoffs 
which we can glue up with S'^ gluing data to form open neighborhoods in Mw^e — one 
encounters 'jumping lines' as the points in a neighborhood of the background moduli 
space Mw,E_i vary. (Models which are global with respect to the background Seiberg- 
Witten moduli space are desirable for the purposes of calculating Euler classes of the 



obstruction bundles.) As outlined in §H, we employ stabilization methods p, |TT[ to 



address these problems when they are caused by reducibles in the top level in [15 



where no gluing is needed. In the general case, we use gluing to parametrize the links 
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of lower-level reducibles in combination with this stabilization procedure [0, when 
£ > and verify Conjectures [4.1| and by direct calculation when £ = 1. 
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